In the framework of weakly coupled potential nonrelativistic QCD, we derive, first, an analytical expression for the chromopolarizability of 1S bottomonium states in agreement with previous determinations. Then we use the QCD trace anomaly to obtain the two-pion production amplitude for the chromopolarizability operator and match the result to a chiral effective field theory with 1S bottomonium states and pions as degrees of freedom. In this chiral effective field theory we compute some long-range properties of the 1S bottomonium generated by the pion coupling such as the leading chiral logarithm to the 1S bottomonium mass and the van der Waals potential between two 1S bottomonium states. Both results improve on previously known expressions.
I. INTRODUCTION
The new multiquark XYZ hadrons that have been continuously discovered since the beginning of the last decade [1] are the subject of intense study in the literature. They In fact, some years ago Brodsky, Schmidt and de Teramond pointed out that quarkonium states like J/ψ and η c could form bound states with atomic nuclei due to color van der Waals forces [4] . A recent lattice QCD calculation by the NPLQCD Collaboration confirms this expectation, finding binding energies of charmonia to light nuclei of the order of a few tens of MeV [5] . By extrapolating their results to physical light-quark masses, the collaboration finds that the binding energy of charmonium to nuclear matter is of the order of 40 MeV or smaller, in fair agreement with recent model calculations [6] [7] [8] [9] .
A color van der Waals force arises in hadron-hadron interactions due to the chromopolarizability of the color-neutral hadrons, similar to the well-known electric polarizability in atomic physics. Contrary to the situation in QED, not much is presently known about color van der Waals forces; one reason is that they are a long-wavelength feature of QCD and therefore of nonperturbative nature, which makes it difficult to assess them from first principles. The potential relevance of color van der Waals forces for the study of the new hadrons demands a better understanding of their properties within QCD. Like in many other instances, it is desirable to employ a theoretical framework built on controllable ap-proximations that can be systematically improved. The present paper is a first quantitative attempt in this direction, namely to use the framework of nonrelativistic effective field theories [10] and chiral effective field theories [11, 12] to study long-range properties of the 1S bottomonium states.
S-wave quarkonium systems are color neutral and do not possess permanent color-dipole moments or higher-multipole moments. Nevertheless, these states can still interact with gluonic fields through the so-called instantaneous dipole moments. These are created when the quarkonium emits a gluon transitioning into a virtual color-octet state followed by an emission of a second gluon and a return to the original quarkonium state. One often refers to this coupling as the polarizability of the system. The set of the two instantaneous dipoles and the propagation of the intermediate color-octet states forms the quarkonium chromopolarizability. Figure 1 . Hierarchy of scales and the corresponding effective field theories; m π is the pion mass and k is the momentum transfer between two widely separated 1S bottomonia of mass m φ interacting through a van der Waals potential.
We will assume that the 1S bottomonium states are characterized by the hierarchy of scales mv ≫ mv 2 ≫ Λ QCD , where m is the bottom quark mass and v is the relative velocity of the heavy quarks. This assumption stays at the basis of any description of quarkonium as a Coulombic bound state [13] [14] [15] [16] . In the last 20 years, a Coulombic description of the 1S bottomonium states has proved to be successful in describing with high accuracy many observables, like electromagnetic, radiative and total widths, hyperfine splittings, etc. It also provides one of the most accurate extractions of the bottom mass. We refer to the reviews [17] [18] [19] for a compilation of results and an extended list of references.
We can define distinct effective field theories (EFTs) at each scale, see Fig. 1 . For energies at the soft (∼ mv) and ultrasoft (∼ mv 2 ) scales the appropriate EFTs are nonrelativistic QCD (NRQCD) [20, 21] and potential nonrelativistic QCD (pNRQCD) [22, 23] In the long range, gluons are no longer perturbative and hadronize into pions. Using the QCD trace anomaly we hadronize the two-chromoelectric field polarizability coupling and match the result into a chiral EFT made of 1S bottomonium states and pions (χEFT). The chiral EFT is defined at energies of the order of the pion mass m π (see Fig. 1 ). In this way
we obtain the values of the low-energy constants of the leading operators coupling pions and 1S bottomonium states. These couplings can be used to study the long-range properties of the 1S bottomonium states of which we present two: the leading chiral logarithm of the 1S bottomonium mass, and the long-range van der Waals potential between two 1S bottomonium states. The van der Waals potential is defined in an EFT (WEFT) at the scale set by the kinetic energy of the 1S bottomonium (see Fig. 1 ). Matching χEFT to WEFT, the van der Waals potential is obtained from the two-pion loop that carries the long-range dependence of the two-1S-bottomonium interaction. We give an explicit expression for the long-range behaviour of the van der Waals potential.
The paper is organized as follows. In Sec. II we review briefly pNRQCD. In Sec. III we introduce gWEFT and perform the matching calculation for the polarizability. In Sec. IV we write down the χEFT and, using the QCD trace anomaly, we calculate the low-energy constants associated with the leading-order pion coupling. Using χEFT we obtain the leading chiral logarithm contribution to the 1S bottomonium mass in Sec. V. In Sec. VI we obtain the van der Waals potential between two 1S bottomonium states and, using a dispersive representation, we find an analytical expression for the long-range potential in coordinate space. Finally, we briefly conclude in Sec. VII.
II. pNRQCD
The explicit form of the pNRQCD Lagrangian depends on where the nonperturbative scale Λ QCD lies in relation to the soft and ultrasoft scales. The weak-coupling regime of pNRQCD occurs when mv ≫ Λ QCD ; in this case, integrating out the degrees of freedom at the energy scale mv can be done in perturbation theory. Furthermore, v can be identified with α s . It is convenient to change the coordinates of the fields from the positions of the heavy quark and antiquark to the center-of-mass coordinate R and the relative coordinate r of the heavy QQ system, and decompose the QQ field into a color-singlet and a color-octet component. The gauge fields do not depend on r, since the distance between the heavy quarks is of the order of the soft scale, which has been integrated out. This corresponds to a multipole expansion of the gluon fields. In the present work, we will furthermore assume that mα 2 s ≫ Λ QCD , in which case the physics at the ultrasoft scale is perturbative.
The pNRQCD Lagrangian density in the weakly coupled regime at leading order in 1/m and at O(r) in the multipole expansion is [22, 23] 
where S and O are the quark-antiquark singlet and octet fields respectively normalized with respect to color. The Lagrangian L light is the QCD Lagrangian in the Yang-Mills and light-quark sectors. All the gauge fields in Eq. (1) are evaluated in R and t, in particular 
At leading order the potentials read (r = |r|): 
III. gWEFT
In this section we integrate out the ultrasoft scale mα 2 s and match pNRQCD to gWEFT, where gWEFT is an EFT at the energy scale of Λ QCD ≪ mα 2 s [24] . At energies much below mα 2 s , which is the scale of the binding energy, the different singlet states are frozen and should be considered as independent fields. The degrees of freedom of gWEFT are then the singlet eigenstates and the gluonic fields expressed in terms of the chromoelectric field E and the chromomagnetic field B. In this work, we are only interested in the 1S color-singlet eigenstates in the bottomonium sector. These are the spin singlet, η b , and the spin triplet, Υ(1S). Spin-dependent interactions are suppressed by the bottom mass and are beyond the accuracy we are aiming at, therefore these two states can be taken as degenerate and we will represent them both with a 0 −+ field φ.
In the one-φ sector, when going from QCD to gWEFT, we integrate out the scales m, mα s and mα 2 s , and thus one is able to organize the gWEFT Lagrangian as a series in the ratios mα s /m, mα 
The dots stand for higher-order operators. These can either be relativistic kinetic corrections or other operators coupling φ to gluons. For this latter kind, the next relevant operator to appear is a coupling to chromomagnetic fields proportional to B 2 a , which can be shown to be α The constant β can be termed, in analogy with the electromagnetic properties of neutral systems, as the chromoelectric polarizability. The matching computation for β is sketched in Fig. 2 . The expression for the polarizability reads [13] [14] [15] [16] 
where |φ is a 1S Coulombic state. Note that, since gluons carry color charge, the intermediate states on the left-hand side of Fig. 2 must be color-octet states, this fact is made explicit in the expression of the polarizability in Eq. (4) by the presence of the octet Hamiltonian in the denominator.
A. Polarizability β
Octet states can be labeled by their energy and angular momentum quantum numbers and obey p
It is convenient to introduce an arbitrary unit vectorp and define a state
where
By inserting a complete set of states |p l into Eq. (4) we get
Since φ is an S-wave state, the dipole coupling can only project it into a l = 1 state due to conservation of the angular momentum. Then the only matrix element left to compute is
The 1S (Coulombic) wave function is given by r|φ = e −r/a 0 / πa 3 0 , with Bohr radius a 0 = 2/(mC F α s ). The Coulombic wave functions in the continuum, |p l l z , can be found in Ref. [26] , while the octet wave function, |p 1 , can be found in Refs. [27] [28] [29] and reads
where 1 F 1 is the confluent hypergeometric function, δ 1 is the l = 1 Coulomb phase and
Using Eq. (11) in Eq. (8), we arrive at (V A = 1 and
with I = ∞ 0 dp p
which has been evaluated numerically. The result agrees for N c = 3 with Refs. [16, 30] .
Expressions (12) and (13) 4), see Refs. [13, 14] . To our knowledge only this last determination has been used so far in the applications discussed in Secs. V and VI Figure 3 . The dependence of the polarizability on the number of colors. The dashed line at the constant value 7/12 corresponds to the large-N c limit computed in Ref. [13] .
At leading order, the binding energy, E φ , is given by −m(C F α s ) 2 /4. In Fig. 4 we plot β from Eq. (12) as a function of α s , with the conventional value of the bottom mass m = 5 GeV.
The natural scale of α s in the binding energy is of the order of the inverse Bohr radius.
Taking as the central value for our determination α s (1.5 GeV) ≈ 0.35, as the lowest value α s (2 GeV) ≈ 0.3 and as the largest value α s (1 GeV) ≈ 0.5, we obtain β = 0.50
Additional correlated uncertainties come from the bottom mass and higher-order corrections. We note that by taking the mass of φ as the spin average of the η b [31] and Υ(1S) [32] masses, corresponding to the value m φ = 9.4454 GeV, and m = 5 GeV, we get m φ − 2m = −0.555 GeV, which is the binding energy we obtain from the leading-order formula when choosing α s ≈ 0.5. Hence, with this definition of the binding energy, β would assume the lowest value in Eq. (14), i.e., 0.12 GeV −3 . In Ref. [33] the transition Υ(2S) → Υ(1S)ππ has been computed using the QCD trace anomaly and the transitional polarizability fitted to experimental data of the decay rates obtaining the value β Υ−Υ ′ = 0.66 GeV −3 . The same value could be obtained also for β using α s ≈ 0.326. One should notice, however, that β and β Υ−Υ ′ do not correspond to the same quantity, the latter involving the matrix element between a 1S and a 2S bottomonium state.
IV. CHIRAL EFT
At energies of order m π , much below Λ QCD , the degrees of freedom are the φ and the Goldstone bosons. The interaction operators with Goldstone bosons can be easily constructed by considering that the field φ is a scalar under chiral symmetry. The different sectors of the χEFT Lagrangian density read at leading order (we include the kinetic energy in Eq. (15))
The φ contact interactions are similar to the ones in nuclear physics [34] . They are essential to renormalize the ultraviolet divergences in the chiral loops, but will not play any role in the long-distance properties that we will discuss in the rest of the paper, hence we do not write them here explicitly. As a basic building block we use the unitary matrix U(x) to parametrize the Goldstone boson fields, which may be taken as
although final results for observable quantities do not depend on this specific choice. At leading order, F may be identified with the pion decay constant F π = 92.419 MeV. We also use the building block,
where, working in the isospin limit,m is the average quark mass between m u and m d . The pion mass in the isospin limit is m 2 π = 2Bm ≈ (135 MeV) 2 .
The extension to an SU(3) chiral Lagrangian can be obtained by replacing (18) by the appropriate matrix including kaons and etas.
A. Matching gWEFT to χEFT using the QCD trace anomaly
In the low-energy limit the two-pion production by the polarizability operator of gWEFT in Eq. (3) is determined up to a constant from chiral algebra and the QCD anomaly in the trace of the energy-momentum tensor [35] [36] [37] [38] [39] [40] [41] . We use this result to match the twochromoelectric field emission of gWEFT in Eq. (3) to the pion-φ interactions in (17) .
Diagrammatically the matching is shown in Fig. 5 . The trace anomaly for the chromoelectric fields is given by [42] where κ 1 = 2 − 9κ/2, κ 2 = 2 + 3κ/2, b is the first coefficient of the QCD beta function,
N f is the number of light flavors and κ is a parameter that can be obtained from pionic transitions of quarkonium states. A detailed experimental study of the decay ψ ′ → J/ψπ + π − , using the trace anomaly, was done by the BES Collaboration in Ref. [43] . The fit to the spectrum of the invariant mass of the produced dipion resulted in the value κ = 0.186 ± 0.003 ± 0.006, while the fit to the ratio of the D-and S-wave amplitudes from the angular distribution gave κ = 0.210 ± 0.027 ± 0.042.
The two-pion production amplitude in gWEFT is
which should be matched to the one obtained from χEFT
giving
V. LEADING CHIRAL LOGARITHM OF THE 1S BOTTOMONIUM MASS
One simple and straightforward application of the leading pion-1S-bottomonium coupling obtained in Sec. IV is the determination of the leading chiral logarithm of the 1S 
where A is the one-point function
where ν is the renormalization scale and 
where we have not included chiral logarithms that may be generated from matching F to the pion decay constant beyond leading order. Note that the result does not depend on κ. A similar approach to ours was used in Ref. [44] to obtain the light-quark mass dependence of the quarkonium mass splittings. There the polarizability was not computed but was left as a parameter to be fitted on lattice data. Our result disagrees with theirs, which is a factor 16 larger.
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VI. 1S BOTTOMONIUM VAN DER WAALS POTENTIAL
In this section, we obtain the van der Waals potential between two 1S bottomonium particles. We assume that the momentum transfer k between the two φ's is of the order of the pion mass, m π , and therefore the distance between the two φ's is of the order r ∼ 1/m π (the distance r used in this section should not be confused with the quark-antiquark distance defined in Sec. II, which is of order 1/(mv) and, therefore, much shorter).
2 The van der Waals potential is defined in an EFT (WEFT) at the energy scale of the kinetic operator of the φ field, which is lower than the pion mass. Hence the potential can be computed as a matching coefficient when integrating out the scale m π .
A. WEFT
The energy scale Q of the two-φ dynamics is given by the kinetic energy of the φ's in their center-of-mass frame, Q ∼ O (k 2 /m φ ), where k is the momentum transfer and m φ is the mass of the φ's. For a momentum transfer k of the order m π , the interaction of the φ's is mediated by pions, whose interaction with the φ's is described by the χEFT Lagrangian of Sec. IV. However, since m π ≫ m 2 π /m φ the dynamics of the pions occurs at a higher-energy scale than that of the φ. Therefore, in order to study two-φ interactions, it is convenient to integrate out the pion dynamics and have its effects taken into account through a potential term. We are going to refer to this term as the van der Waals potential and to the EFT describing the dynamics of φ interacting through it as WEFT. The Lagrangian of such an EFT is at leading order L φ WEFT + L φφ WEFT , where (we have reabsorbed the mass correction 1 One source of disagreement can be traced back to a missing factor of 1/2 when matching the dilatation current with the trace of the chromoelectric field. In contrast to Ref. [44] , we assert that the contribution from the chromomagnetic field cannot be neglected in that matching. 2 Shorter distance effects would need to be accounted for at the level of pNRQCD, gWEFT or the chiral EFT. They are beyond the scope of the present work. δm φ , computed in the previous section, in a field redefinition)
In Eq. (29) both the time derivative and the kinetic terms are of the same size ∼ Q.
The potential W (R 1 , R 2 ) can be obtained by matching χEFT to WEFT, which is shown diagrammatically in Fig. 7 . In the short range it is dominated by contact terms, which include renormalization counterterms. In the long range it depends only on k
If we just display the two-pion loop contribution, it reads in momentum space
B is the standard two-point function, and since −k 2 < 0, it takes the form
while the functions C 1 and C 2 are given by (34) where ν the renormalization scale and λ is given in Eq. (27) . The ultraviolet divergences can be absorbed in the (modified) MS scheme by suitably redefining the counterterms in the first line of Eq. (31) to cancel λ. 
For k 2 → ∞ the momentum-space potential W (k 2 ) diverges as k 4 , and hence its corresponding dispersion relation should be twice-subtracted. Using the spectral representation of Eq. (A7) for W (k 2 ) in Eq. (35), we obtain where the limit ǫ → 0 is understood. The imaginary parts of B, C 1 and
from which we obtain the imaginary part of Eq. (31) to be used in Eq. (36) . We find the following exact expression for the long-range potential in coordinate space:
where K n (x) are the modified Bessel functions of the second kind, and the matching results (24) have been used to simplify the expression.
The potential in coordinate space is plotted in Fig. 8 for two values of β. The dependence on β is quite noticeable, as one would expect since the potential is proportional to β 2 . For short distances the absolute value of the potential increases rapidly. For the two values of κ listed in Sec. IV A the variation of the potential is unappreciable. Only for very large deviations compared to the uncertainties of these parameters does the potential change in a more significant way and only on the short distances. In the long range, i.e., when Eq. (40) is expanded for large r, we obtain
The long-range potential (41), valid for r ≫ 1/(2m π ), is of the order of a few eV, whereas the potential (40), valid also for r ∼ 1/(2m π ), may be as large as −1 MeV in the region around 0.6 and 0.7 fm, see Fig. 9 .
If in the expression (41) we neglect κ, i.e., we take κ 2 = 2, and we also neglect contributions proportional to m 2 π in the trace anomaly, then the expression agrees with the one derived in Ref. [47] using an approach similar to ours based on the dipole-dipole interaction and the trace anomaly. One should notice, however, that, while neglecting κ is justified by its smallness, taking the chiral limit of the trace anomaly modifies the strength of the long-range van der Waals potential (although not its functional dependence on r and m π ): the van der Waals potential in Ref. [47] is a factor 16/25 weaker than Eq. (41). This is not surprising if one considers that under the condition that the typical distance between the quarkonia is of order 1/m π , m π cannot be neglected. In the numerical part of their analysis the authors of Ref. [47] took the polarizability from the large-N c estimate of Refs. [13, 14] .
Comparing the plots of Eq. (40) with the analogue results from the two-pion exchange diagrams in the nucleon-nucleon EFT (e.g., in Refs. [45, 46] ) we see that the φ-φ potential that we have obtained is much less deep. This difference has two origins. In gWEFT the gluon dynamics is nonperturbative. To put our results for the chromopolarizability in a more useful form we have used the QCD trace anomaly to obtain the two-pion production amplitude for the quadratic chromoelectric field operator and matched the result to a chiral EFT in which the 1S bottomonium and pions are the degrees of freedom. Using this chiral EFT we have computed the leading chiral logarithmic contribution to the 1S bottomonium mass. This can be read from Eq. (28).
The second application we have considered is the calculation of the long-range van der Waals potential generated by the two-pion exchange between two 1S bottomonium states.
The van der Waals potential is defined at a lower-energy scale than m π , set by the centerof-mass kinetic energy of the 1S bottomonium state. Thus we have written down the EFT at this latter scale, WEFT, and computed the potential as a matching coefficient. Using a dispersive representation of the potential, which takes into account the two-pion cut, an analytical expression of the van der Waals potential has been obtained in Eq. (40) for r ∼ 1/(2m π ) or larger, which reduces to Eq. (41) in the limiting case r ≫ 1/(2m π ). The results of both applications improve on previous findings.
Our calculation of the φ-φ long-range potential of Sec. VI B shows a significant dependence on the value of the polarizability β. Hence, while the long-range parametric dependence on the distance r of the potential is well understood and resembles that of the two-pion exchange potentials of the nucleon-nucleon EFT, its actual strength reflects the uncertainty on β. Finally, the possible existence of a shallow φ-φ bound state will also depend crucially on the φ-φ short-range interaction, which has not been addressed in the present work. 
We can apply Cauchy's integral formula 
By evaluating this equation just above the cut, we arrive at
where the limit ǫ → 0 is understood, and f (s) and f (s ′ ) are the analytic continuation to the real axis from above the cut. Equations like Eq. (A4) are called dispersion relations. We can calculate the dispersive integral with the help of the identity
which means that we transform the dispersion integral into the sum of the Cauchy principal value, P, and iπ times the residue of the integral.
We are interested in a dispersion relation for potentials in momentum space with a twopion cut in the negative real axis in the complex three-momentum space. We can obtain such a dispersion relation starting from Eq. (A4) and using s = −k 2 and s ′ = µ 2 , then we arrive at
and by rewriting f (−k 2 ) as a function of k we arrive at the final form used in Ref. [46] f (k) = 2 π ∞ 2mπ µ Imf (ǫ − iµ) µ 2 + k 2 dµ .
In the case where the function f (z) does not fall off fast enough for z → ∞, or if we simply want to reduce the dependence on Imf (s ′ ) at large s ′ , we can write a subtracted dispersion relation, i.e., a dispersion relation for the function
wheres < s 0 is called the subtraction point. The function g has the same analytical properties as f , thus we can write
and since Imf (s) = 0
We could repeat this procedure for the function h(s) ≡ (g(s) − g(s 2 ))/(s −s 2 ),s 2 < s 0 to obtain a twice-subtracted dispersion relation and so on. In an n-times-subtracted dispersion relation, a polynomial of order n in s multiplies the dispersive integral.
The contribution from the subtraction can be separated from the rest of the dispersive integral by using partial fractioning
in Eq. (A10)
where the integral of the second term is independent of s and is called a subtraction constant.
The subtraction constant can be in general a divergent quantity.
In a physical situation, we can split an amplitude into a polynomial piece and a part that generates the cut in the complex plane. The latter, once appropriately subtracted, can be
